A shrink-fit sample is manufactured with a Ti-8Al-1Mo-1V alloy to introduce a multiaxial residual stress field in the disk of the sample. A set of strain and orientation pole figures are measured at various locations across the disk using synchrotron high-energy X-ray diffraction. Two approaches-the traditional sin 2 C method and the bi-scale optimization method-are taken to determine the stresses in the disk based on the measured strain and orientation pole figures, to explore the range of solutions that are possible for the stress field within the disk. While the stress components computed using the sin 2 C method and the bi-scale optimization method have similar trends, their magnitudes are significantly different. It is suspected that the local texture variation in the material is the cause of this discrepancy.
Introduction
It is well known that a wide range of thermomechanical and thermochemical processing methods give rise to a complex residual stress field that varies throughout a component. 1, 2 While the residual stresses from these processes are typically reported as scalar quantities or fields, they are often more complex multiaxial fields, in which both the magnitude and the direction of the stress vary throughout the component.
Techniques utilizing X-ray or neutron diffraction have been extensively used to determine the residual stresses in components manufactured from polycrystalline materials. [3] [4] [5] [6] [7] [8] In these techniques, the lattice strains for single or multiple sets of crystallographic planes are measured in several directions for a particular representative volume. In some cases, full X-ray patterns are used to obtain the structure, strain, and preferred orientation information simultaneously. 9, 10 (Here, the strain is typically a weighted average of multiple crystallographic planes, where the weightings can be the preferred orientation information.) For the measured strains to reflect the macroscopic stress state, it is necessary that enough crystals contribute to the diffraction signal. Further, the state of stress should not vary significantly over this volume. Multiple volumes are interrogated if the field information is necessary. The measured lattice strains are typically treated like macroscopic strain gauges installed inside a material. A constitutive relationship (some version of Hooke's law) between the measured lattice strains and the residual stress is devised. 11, 12 In some geometries, a particular type of stress state (plane stress or uniaxial tension for example) is assumed to decrease the number of unknowns. Often, the equilibrium condition is not used in the stress calculation.
Given that single-crystal properties are anisotropic, two questions arise immediately. Which crystallographic planes should be chosen for the strain measurement and what constitutive relationship and associated constants should be used? 13 Owing to these complexities, many analysis strategies exist and a wide range of residual stress solutions can be obtained from one set of lattice strain measurements. Consequently, determining an accurate estimate of the multiaxial residual stress field that exists within an engineering component becomes a complicated task. 14, 15 In this paper, a set of synchrotron X-ray diffraction data that consists of thousands of measurements on a shrink-fit sample were examined using different stress analysis methods. The similarities and differences in the resulting residual stresses are illustrated. Residual stress analysis methods at opposite ends of the complexity spectrum-a traditional, widely used, sin 2 C method, which considers lattice strain measurements from one family of planes for a stress solution at one material point (cf. Hauk 13 ) and a recently developed bi-scale optimization methodology that simultaneously considers lattice strain measurements from multiple sets of planes at multiple locations within the workpiece to compute a spatially varying residual stress field [16] [17] [18] were used with high-fidelity synchrotron X-ray data. The intent is not to declare which method is better or worse, but rather to illustrate the range of stress solutions that are possible with the same set of lattice strain data.
The paper is organized as follows. The diffraction experiments, including a description of the material and sample geometry are presented next, followed by the experimental results. Details of the data analysis, including a description of the crystal orientations that underlie the diffracted intensity data, are then presented. The bi-scale optimization and sin 2 C methodologies for determining residual stress are also outlined. The two analysis methodologies are used with the experimental data to obtain a range of residual stress solutions for the sample. The residual stresses are then compared and discussed. Finally, the findings are summarized.
Material and experimental techniques

Material and sample
The Ti-811 alloy investigated by Pilchak et al. 20 is used in this work. Pilchak et al. investigated an extruded Ti-8Al-1Mo-1V (Ti-811) bar (12.7 cm in diameter, 127 cm long) using electron backscatter diffraction (EBSD) and reported the presence of ''local texture'' in the bar. In particular, they found elongated regions of similarly oriented crystals running along the length of the bar in the hexagonal-close-packed (hcp) a phase of this material. Figure 1(a) shows an EBSD map of the hcp phase in a piece of material extracted from the bar, where the colors denote different orientations. As can be seen, these local texture regions were approximately 100 mm-500 mm wide on the EBSD sample. The material was found to be over 98% a (hcp) phase by volume, with an average grain size of 10-15 mm. The minority body-centered-cubic (bcc) phase was ignored in our analysis.
The Ti-811 alloy is an interesting material for several reasons. The hcp phase, or any departure from cubic symmetry, presents a challenge for conventional residual stress methodologies that use a single lattice plane Figure 1 . The Ti-811 material and sample used in this work (not to scale). (a) Extruded Ti-811 bar and EBSD orientation map of the hcp phase. The point A can be used to orient the EBSD specimen relative to the bar. The colors denote the orientations of normals to the EBSD specimen, as indicated by colors in the hexagonal stereographic triangle. This figure is a replicate of the figure presented by Pilchak et al. 19 (b) Orientation and approximate location of the shrink-fit sample relative to the Ti-811. The sample coordinate system (x S , y S , z S ) is also depicted. (c) Assembled shrink-fit sample and sample coordinate system. reflection or that assume isotropic elastic behavior. Further, the presence of crystallographic texture in Ti-811 violates a commonly made assumption of a uniform orientation distribution function (ODF). 19 The shrink-fit sample used in this work was composed of a disk with a hole in its center with a shaft through the center hole. The outer diameter and the thickness of the disk were 31.750 mm and 1.000 mm, respectively. The diameter of the center hole in the disk was 12.636 mm. The disk was manufactured via electrical discharge machining with tight tolerances for the center hole. The thickness direction of the disk was parallel to the length of the bar, as illustrated in Figure  1 (b). Therefore, the local texture regions were expected to run along the thickness of the disk. The shaft of the sample was cut from a standard 12.7 mm (0.5 inch) tool steel bar stock. The disk material was heated to 700 8 C and the shaft was inserted into the center hole. When the disk is allowed to cool, the mismatch between the diameter of the center hole in the disk and the diameter of the shaft induced a stress field in the disk material.
Diffraction experiments
Diffraction is described by Bragg's law
where n is an integer, l is the wavelength of the incident beam, d c is the lattice spacing for a family of crystallographic planes, denoted {hkil} for a hcp titanium crystal, c is the plane normal of the family of crystallographic planes, and u c is the corresponding Bragg angle. For a particular orientation of a polycrystalline aggregate with respect to the incident beam, all families of crystallographic planes that satisfy Bragg's law will diffract and produce diffraction peaks. The value of d c depends on the crystal symmetry, the lattice parameters of the crystal, and the family of crystallographic planes. 21 Lattice strains are manifested as changes in d c , which can be measured by angle or energy dispersive techniques. Figure 2 shows the experimental geometry used in this work. This geometry and the X-ray experiment are extensively described elsewhere; 16, 22 only the main aspects are summarized here. In this geometry, a monochromatic X-ray beam is used to interrogate a volume of material in a polycrystalline aggregate. (This implies that n = 1.) The volume of material examined by the beam is also referred to as the diffraction volume. The set of crystallographic planes in the diffraction volume whose plane normals are parallel to the scattering vector, q, and satisfy Bragg's law will diffract. The grain size of the material relative to the beam size is small and the diffracted intensity data measured on an area detector contains entire Debye-Scherrer rings for multiple families of crystallographic planes. In this experimental geometry, the intensities of the diffraction peaks can be related to the texture of the diffraction volume and the changes in the Bragg angles are associated with lattice strains. Rotating the sample with respect to the beam allows us to obtain lattice strain and intensity information for a wide range of directions. These data can be depicted as lattice strain and orientation pole figures, respectively.
The experiments were performed at the 1-ID-C beam line of the Advanced Photon Source at Argonne National Laboratory using a monochromatic X-ray beam with a wavelength of 0.0137 nm. The beam size was 250 mm 3 250 mm. Based on the beam size, the sample geometry, and the average grain size, there were approximately 20,000 grains in a diffraction volume. The approximate size of the elongated regions in the material, as indicated by the EBSD map ( Figure 1(a) ) and the beam size used in this work, imply that each diffraction volume may have a unique orientation distribution, owing to these elongated regions. The reference lattice parameters for the hcp phase used to compute the reference lattice plane spacings were 0.2921 nm and 0.4669 nm, where the latter value is the lattice parameter along the six-fold symmetry axis in a hcp unit cell (c-axis). To obtain these values, a piece of virgin Ti-811 material was cut from the same bar of Ti-811 from which the disk was extracted. The virgin material was not heated in the furnace with the disk, however. Multiple diffraction images were obtained while the sample was translated. The resulting Debye-Scherrer rings were used to find these average reference lattice parameters. The unstrained piece of material showed lattice strain variation on the order of 3310 À4 .
During the X-ray diffraction experiments, a calibrant CeO 2 powder was attached to the disk. The diffraction peaks from the calibrant were used to determine the position of the detector with respect to the sample and to normalize the orientation pole figure information from the Ti-811 disk. The intensity pole figure information was used to determine the local ODF in the disk. Figure 3 shows an example spectrum from the disk.
For each diffraction volume, the sample is rotated about the y L -axis through an angle v. When v = 0 8 , the sample coordinate system, denoted x S , y S , and z S , coincides with the laboratory coordinate system, denoted x L , y L , and z L . The sample is rotated by as much as 660 8 to increase the number of scattering vectors that are interrogated. As the sample is rotated about y L , the volume of material illuminated by the Xray changes; the length of the diffraction volume along the beam is increased to approximately 2.2 mm. Furthermore, the width of the volume interrogated is increased to approximately 1.7 mm at maximum v. This implies that lattice strains from slightly different portions of the sample are being measured as the sample is rotated. The strain and orientation pole figures were measured at a quadrant of the disk, as illustrated in Figure 4 . The sample was translated with respect to the incident beam in the x L and y L directions to interrogate the 105 diffraction volumes shown in Figure 4 . The diffraction volumes are spaced closer where the residual stress field is expected to have a larger gradient. In this figure, the locations of the diffraction volumes on the disk are identified using (x S , y S ) or (a, R), where a is the azimuthal angle on the disk and R is the radial position on the disk. These two notations are used interchangeably. No appreciable change in stress was anticipated through the thickness of the sample, so the entire volume of material along z L is illuminated by the incident X-ray beam. (It is possible to interrogate individual diffraction volumes along z L by placing a set of slits downstream of the sample in the path of the diffracted beam. 17, 23 ) 
Experimental results
All orientation and strain pole figure data were utilized in the analysis (in particular, when the bi-scale optimization method was used) but only the data from two diffraction volumes are presented here, to highlight some of the general trends. The diffraction volume located at a = 0 8 , R = 6:50 mm on the disk is referred to as point A (not to be confused with point A in Figure 1 (a)) and the diffraction volume located at a = 90 8 , R = 6:50 mm on the disk is referred to as point B. The data are available at http://dx.doi.org/ doi:10.18126/M2H591 upon request. Figure 5 shows the intensity pole figures for the hcp phase from two diffraction volumes in the disk. The pole figure coverage in Figure 5 (a) is different from that in Figure 5 (b) due to shadowing from the steel shaft; the range of v was between 0 8 and 60 8 in Figure 5 (a), and between À60 8 and +60 8 in Figure 5 Figure 6 shows the ODFs of the two diffraction volumes. The orientation pole figures in Figure 5 (a) show that diffraction volume A may correspond to an elongated region with local texture. In Figure 1 , the EBSD map shows that some elongated regions are predominantly composed of hcp crystals whose {0001} plane normals are parallel to the surface normal (the y S -axis in the sample geometry). This means that in the orientation pole figures, the {0002} pole figure will have high values near the y S -axis. This is the case in Figure 5 (a). Figure 5 (b) indicate that diffraction volume B may correspond to another region with local texture. In Figure 1 , the EBSD map shows that some elongated regions are predominantly composed of hcp crystals whose {1120} plane normals are parallel to the surface normal. This means that in the orientation pole figures, the {1120} pole figure will have highs near the y S -axis. This is the case in Figure 5 (b). 
Intensity pole figures and the ODF in the disk
The orientation pole figures in
Strain pole figures
The changes in diffraction peak positions with respect to their reference positions are used to compute the lattice strains (Equation (5)) and obtain the strain pole figures for a particular diffraction volume. Figure 7 shows the strain pole figures for the hcp phase from two diffraction volumes, A and B. As a first-order check, the anticipated stress associated with a simple shrink-fit geometry can be considered. Based on the shrink-fit geometry, the xx-component of the stress is expected to be compressive and the yy-component of stress is expected to be tensile when a = 0 8 . Conversely, the xx-component of the stress is expected to be tensile and the yy-component of the stress is expected to be compressive when a = 90 8 . The strain pole figures are consistent with the anticipated stress field in the disk. For point A (Figure 7(a) ), the strains are negative near x S and positive near y S . Conversely, the strains are positive near x S and negative near y S for point B (Figure 7 
At a particular value of a, the magnitudes of the stress components are expected to decrease from the innermost radial position to the outermost radial position on the disk. The measured strain pole figures are consistent with the anticipated stress field. Figure  8 shows the {1011} strain pole figures for the diffraction volumes located along a = 90 8 . At the innermost radial position of the disk, the magnitude of the strain is the largest and it decreases with increasing radial position.
While the stress field is anticipated to be axisymmetric in an ideal shrink-fit geometry, there are subtle differences in the measured lattice strains between points A and B and significant differences in crystallographic texture between points A and B.
Residual stresses
Fundamentally, the computation of residual stress using the lattice strain data and orientation pole figure data involves some version of Hooke's law. Because the diffraction data come from individual crystals, the crystal length scale and the continuum length scale have to be linked. In this section, a general description of the relationship between the diffracted intensity measured on the detector and the orientations of the crystals that produced that intensity is presented. The biscale optimization and sin 2 C methodologies are briefly described and the resulting residual stresses are presented. It is worth noting that the computed residual stress is determined with respect to the reference configuration defined by a set of lattice parameters for the hcp phase of the alloy as described in the previous section.
Orientation-dependent quantities
The relationship between a reference coordinate system and a coordinate system attached to a crystal lattice is known as an orientation. In this work, a Rodrigues vector parameterizes the orientation as
where r is the Rodrigues vector corresponding to a particular orientation of crystal, n is the axis vector of the Rodrigues vector, and u is the rotation angle about the Rodrigues vector. 24 Using this parameterization, the orientation space for hexagonal crystal symmetry is reduced to the one described by Kumar et al. 25 Figure  9 shows the orientation space for hexagonal crystal symmetry. For a polycrystalline aggregate, several orientationdependent quantities can be defined over orientation space. For example, a scalar field such as ODF, denoted A(r), can be defined over this space to describe the crystallographic orientations of the aggregate. 24 Crystal stresses, s(r), or crystal strains, e(r), which are tensor fields over orientation space, can also be defined over this space to describe the orientation-dependent stress or strain of the constituent crystals in the aggregate, respectively. [26] [27] [28] The information obtained through the experimental setup illustrated in Figure 2 is a crystallographic fiberaveraged quantity. The set of crystallographic planes that contributes to the information contained in a particular diffraction peak is oriented such that their plane normals or the c vectors are parallel to the scattering vector associated with the diffraction peak. This is the {hkil}k q fiber and is denoted as U ckq .
Some examples of crystallographic fibers are shown in Figure 10 . Figure 10 (a) illustrates three fibers: U f0002gkx S , highlighted by the red lines in orientation space, U f0002gky S , highlighted by the green lines in orientation space, and U f0002gkz S , highlighted by the blue lines in orientation space. Considering U f0002gkz S as an example, the number or the total volume of crystals in a diffraction volume having their {0002} planes parallel to the sample direction z S is proportional to the intensity of the {0002} diffraction peak measured for the scattering vector parallel to z S and is also proportional to the integral average of the ODF of the diffraction volume along U f0002gkz S : 29 This is the fundamental idea behind quantitative texture analysis. 30 Similarly, if the existence of orientation-dependent elastic strain, e(r), or a lattice strain distribution function (LSDF) is assumed, a lattice strain measurement is a crystallographic fiber average of e(r). In other words, the lattice strain measurement from a particular diffraction peak is related to the LSDF by
where Eis the lattice strain measured along q for c and A(r) is the ODF of the diffraction volume. 27, 28 Using appropriate anisotropic elasticity, equation (3) can be rewritten as
where S(r) is the anisotropic single-crystal compliance and s(r) is the orientation-dependent crystal stress. Experimentally, the lattice strain is measured by
where d c (q) is the lattice plane spacing for the {hkil} of interest measured at a particular q and d 0 c is the corresponding reference lattice plane spacing. The nature of lattice strain measurements implies that, while these are elastic strain measurements, the link between the macroscopic stress and the microscopic measurement is not simple, owing to the selective nature of the diffraction condition.
Determination of residual stress field using the biscale optimization method
McNelis et al. 16 and Demir et al. 18 proposed a novel biscale optimization method for determining the residual stress field in an engineering component; in this method the lattice strain measurements are interpreted as measurements along crystallographic fibers. Here, the key features of the method are summarized. Figure 11 presents an overview of the method and serves as a guide for the summary.
The overall objective is to determine the macroscopic, or continuum-scale, stress field, designated S h (x), which satisfies several basic mechanical constraints; it is smooth, it satisfies equilibrium everywhere, and the free surfaces are traction-free. These constraints are imposed explicitly on the residual stress field, S h (x). Smoothness is imposed via the choice of approximating functions; piecewise continuous interpolation functions commonly used in finite-element methods are used here. The mechanical constraints of equilibrium and traction-free surfaces are imposed by penalizing any values in the stress field that would lead to deviations from local equilibrium and zero traction conditions. The mathematical representations of these constraints are provided on the left side of Figure 11 , where t(x) is the traction and n(x) is the surface normal. As indicated, the bi-scale optimization scheme also has the capability of imposing a symmetry condition. For a stress field, the symmetry condition implies that only the shear components of the traction are zero, whereas the free surface condition requires that all components of the traction are zero. The finite-element mesh used to represent the residual stress field over the disk and the macroscopic boundary conditions imposed on the residual stress field are illustrated in Figure 12 .
The values of the continuum distribution over the workpiece domain are chosen to match the values deduced from experimental observations, namely the diffraction measurements. This is accomplished by minimizing a weighted residual, R S , defined by the differences between the continuum stress field and a second spatial distribution, designated S d (x), defined by interpolation of stress values deduced from the diffraction data. This residual is stated at the top of Figure 11 and is the mechanism through which the continuumscale mechanical constraints and the crystal-scale lattice strain data are merged. A mesh-free method is employed to represent S d (x) where the locations of the nodes of the mesh-free interpolation coincide with centroids of diffraction volumes.
As indicated on the right side of Figure 11 , the values of the stress at the nodes of the mesh-free interpolation are the diffraction volume averages, designated \ s . . There is one such average for every diffraction volume, which is evaluated as a weighted integral of the crystal stresses, s(r), over a fundamental zone of the orientation domain, O fr . The weighting factor in this integral is the ODF of the diffraction volume. The crystal-scale stress distribution is represented with a reduced-order parameterization based on a k-term harmonic expansion in which H k (r) are the harmonic modes and w k are the weights for the respective modes. The reduced-order representation provides a compact form for the crystal stress distribution with relatively few degrees of freedom.
The bi-scale analysis methodology is now applied. The measured lattice strains, E, are related to the lattice strain distribution function, e(r), via integration over the appropriate crystallographic fibers. Hooke's law is used to write the crystal elastic strains in terms of the crystal stresses using the single-crystal elastic moduli. The anisotropic single-crystal elastic constants for the Ti-811 alloy used in this work are listed in Table 1 (A. Pilchak, private communication). 31 The solution variables determined for the complete data reduction are the nodal stress values for the continuum mesh, fŜ h g, and the weights of the harmonic expansion for the diffraction volume stress, w k . The diffraction volume average stress components can be recovered if desired, but are not explicitly needed. Figure 13 shows the components of the residual stress field obtained from the bi-scale optimization method. Figure 14 shows the von Mises effective stress of the residual stress field on the disk. In our sample geometry, the radial and the azimuthal components of the residual stress field in the disk are expected to be compressive and tensile, respectively, and the magnitudes of the components of stress are expected to be maximum at the inner radius and decrease with increasing radius. Figures 13 and 14 show these trends. For example, S h xx is compressive along the x S -axis and tensile along the y S -axis. Conversely, S h yy is tensile along the x S -axis and compressive along the y S -axis. The xycomponent of the residual stress field is negligible along x S and y S and a maximum near a = 45 8 . The other components of the residual stress field are close to zero, indicating that the disk is in a state of plane stress. Figure 14 shows the von Mises effective stress of the residual stress field in the disk. The von Mises effective stress is, in general, largest at the innermost radial position and decreases with increasing radius.
Determination of residual stresses using the sin 2 C method and the strain pole figure data
The sin 2 C method is widely used in the field of residual stress, and the details of the method are well documented (Lu, Hauk) . Here, the method is briefly summarized, focusing on how it can be used in interpreting the strain pole figure data to obtain the stresses. Figure 15 illustrates the relationship between the conventional sin 2 C geometry and the strain pole figure data for the disk obtained using the transmission geometry. As an example, a diffraction volume located along x S (Figure  15(a) ) and the strain pole figure associated with it are examined to illustrate the relationship between the sin 2 C geometry and the strain pole figure data. The scattering vector can be defined by angles f and C (Figure 15(b) ). These angles are employed in the traditional sin 2 C method. In this figure, C is the angle between z S and the scattering vector and f is the angle between the plane defined by the scattering vector and z S and the x S -z S plane. In this work, multiple scattering vectors are interrogated and the strain pole figure coverage is increased through the use of an area detector and sample rotation. Figure 15 considered in Figure 15 (b) corresponds to particular values of v and h; these angles can be translated to f and C.
Using the plane stress assumption and assuming isotropic elasticity, defined by E hkl and n hkl , the lattice strain measured at a particular scatting vector is related to the state of stress in the diffraction volume as where S xx , S yy , and S xy are the nonzero components of the stress in the diffraction volume. 13 (E hkl and n hkl are also referred to as X-ray elastic constants and their magnitudes depend on fhkilg.) Equation 6 is the basis of the sin 2 C method. For a particular value of f, the relationship between Eand sin 2 C is linear if the material is isotropic and the diffraction volume is in planar stress. 13 Furthermore, if a coordinate system that matches the principal axes of the stress tensor (i.e. choose appropriate f) is chosen, the term containing the shear stress component in Equation 6 goes to zero and S xx and S yy at the diffraction volume can be determined by simply fitting a line through lattice strain versus sin 2 C data measured at the appropriate f.
In the dataset, there are 105 unique diffraction volumes and 5 strain pole figures per diffraction volume. The following approach was taken to choose the subset of data for the sin 2 C method.
1. The residual stress field in the disk is expected to be in the planar stress condition where the out-ofplane stress components (S h xz , S h yz , and S h zz ) are zero. The stress field illustrated in Figure 13 shows that this is the case. Furthermore, S h xx and S h yy are the principal stress components for the diffraction volumes located along a = 0 8 and a = 90 8 , as S h xy is negligible along these two values of a. Taking advantage of the state of stress along a = 0 8 and a = 90 8 , the strain pole figure data measured from diffraction volumes lying along a = 0 8 and a = 90 8 are interpreted using the sin 2 C method. 2. While it is common practice to use the {2133} reflection for titanium, 12, [32] [33] [34] [35] the lattice strains from the {2133} reflection were not available. Thus, the {1122} reflection was chosen as an alternative 36 and the {1120} reflection was chosen for comparison. 3. The set of scattering vectors lying on the x S -z S plane of the {1122} and {1120} strain pole figures and the corresponding lattice strains were selected. Furthermore, only the set of scattering vectors whose sin 2 C values are greater than 0.2 and less than 0.6 were considered. The v range used in this work imposes the lower threshold. The upper threshold (0.6) is a constraint applied such that the sin 2 C range is comparable to the typical sin 2 C range available in a laboratory source system using reflection geometry.
The values of sin 2 C are calculated for the subset of {1122} and {1120} lattice strains and lines are fit through the lattice strain versus sin 2 C to determine the the slopes and the intercepts for the diffraction volumes lying along a = 0 8 and a = 90 8 . Based on the choice of diffraction volumes and scattering vectors, the slopes are only related to S xx of the diffraction volumes and the intercepts are related to S xx and S yy . These slopes and intercepts are converted to stresses using E hkl = 120 GPa and n hkl = 0:32 for the {1120} and {1122} reflections. While it is more appropriate to choose different sets of E hkl and n hkl for the {1120} and {1122} reflections, 12, 13, 37, 38 the bulk elastic constants were used. Implications of this choice will be discussed later in the next section. Figure 16 shows the lattice strain data extracted from the {1120} and {1122} strain pole figures shown in Figure 7 and their respective line fits. 
Discussion
General remarks
Synchrotron sources, like the Advanced Photon Source, provide unprecedented X-ray flux. High-energy X-rays from these synchrotron sources can penetrate larger samples and nondestructively interrogate volumes located inside the bulk. Combined with largearea detectors and computational resources, a more sophisticated residual stress characterization technique that utilizes these advances effectively can be developed. The bi-scale optimization method is an attempt at that; it utilizes a large dataset that consists of local lattice strains and texture information and reconstructs the residual stress field in the sample.
Residual stress field using the bi-scale optimization method
The residual stress field on the disk is obtained by allowing the residual stress field to satisfy the boundary conditions and the crystal stresses obtained from the strain pole figures. As emphasized previously, the goal is not to simulate the interference fit process but to determine the final stress state that exists in the disk.
When a polar coordinate system is used to represent the stresses, S h xx and S h yy are the hoop components of the stress for diffraction volumes located along the y Saxis and the in an idealized shrink-fit geometry. Similarly, S h yy and S h xx are the radial components of the stress for diffraction volumes located along the y S -axis and the x S -axis, respectively; these stress components should be equal in an idealized shrink-fit geometry.
The residual stress field presented in Figures 13 and  14 is qualitatively consistent with the anticipated stress field from the shrink-fit process. However, the magnitude of S h xx along the y S -axis is significantly larger than the magnitude of S h yy along the x S -axis. The von Mises effective stress of the residual stress field on the disk shows variation with respect to a. In an idealized shrink-fit geometry with isotropic material property, the von Mises effective stress should be independent of a. 39 The stress field obtained from the bi-scale optimization method is asymmetric.
The stress asymmetry and the reliability of the residual stress field obtained from the bi-scale optimization method are discussed in the following contexts.
The imposed continuum boundary conditions reflect
the actual boundary conditions in the disk. In the biscale optimization method, the boundary conditions are imposed based on the current state of the disk; several boundary conditions were imposed in the bi-scale optimization method, as illustrated in Figure 12 . The traction-free boundary condition was imposed on free surfaces. The symmetric boundary condition was imposed on the contact surface between the shaft and the disk and the surfaces that define the quadrant of the disk. One might postulate that a source of stress field asymmetry is due to sample manufacturing tolerances and assembly; the boundary conditions imposed in the bi-scale optimization method might not accurately reflect the boundary conditions in the actual disk. If the manufacturing tolerances and the assembly process are imperfect, applying the symmetric boundary condition on the contact surface between the shaft and the disk are inappropriate. To verify that the contact is uniform around a, a low-viscosity fluid was applied to the contact region between the disk and the shaft. An optical microscope was used to look for leaks but none were found. This implies that the symmetric boundary condition on the contact surface between the shaft and the disk is appropriate. 2. The pole figure and strain pole figure data are reliable. The lattice strain data presented in Figures 7  and 16 indicate differences, albeit subtle, between diffraction volumes located at the same radial position but at different azimuthal angles on the disk. The experimental data also show that there is a large variation in crystallographic texture in the disk (Figures 5 and 6 ). Given these asymmetries in the data, an asymmetric stress field is reasonable.
Defining the reference configuration of the workpiece and carefully measuring the appropriate reference lattice parameters is important in quantifying the residual stress field in an engineering component. 40 In this work, a set of lattice parameters that were determined from a piece of virgin material cut from the Ti-811 bar was used. It is possible that there was a pre-existing residual stress field in the disk, owing to its processing history and anisotropic thermal expansion in titanium single crystals, 41, 42 as indicated by the variation in lattice strains in the virgin sample. However, the variation was not systematic and the variation in lattice strains is expected to be a minor cause for the stress asymmetry.
Another important aspect of the strain pole figure and pole figure measurement is whether there were enough crystals in a diffraction volume and whether the diffraction experiment can be treated as a powder experiment. 43 In our case, the number of crystals in a diffraction volume is approximately 20,000 and it is sufficient to treat the diffraction volume as a powder. It is assumed that the strain pole figure data reflect the ''average'' stress state in the diffraction volume. However, the volume illuminated by the X-ray changes as the sample is rotated to increase pole figure coverage. (This is not the case when the entire sample is bathed in the beam.) As a consequence, the strains measured at extreme values of v reflect the stress state of a larger diffraction volume than those measured at v = 0 8 . The effect of the enlarged diffraction volume from sample rotation is more severe for diffraction volumes located along x S than those located along y S . While this can be a source of stress asymmetry, it cannot account for such a large stress asymmetry, as shown in Figure 13 . 3. The single-crystal elastic constants are well known.
Typically, the single-crystal elastic constants of an engineering alloy are not well known and can vary significantly from its pure elemental counterpart. 44 Using appropriate single-crystal elastic constants or moduli that convert the measured lattice strains to stresses in the continuum length scale has been an ongoing challenge in estimating the residual stress in an engineering component. Here, the single-crystal elastic constants used in this work are most appropriate for Ti-6Al-2Sn-4Zr-2Mo and may not be ideal for the Ti-811 alloy. This highlights the importance of obtaining a reliable set of elastic constants for engineering alloys. Furthermore, the Ti-811 alloy is anisotropic; not only are the single-crystal properties anisotropic but, because of the gradient in the orientation distribution in the disk due to the elongated regions with similar orientations, the macroscopic properties of the Ti-811 are also anisotropic and not uniform throughout the disk. Therefore, it is reasonable that the resulting stress field from the bi-scale optimization method shows asymmetry.
It is worth noting that the bi-scale optimization method is a framework to interpret the lattice strains obtained from powder diffraction experiments while imposing equilibrium in the continuum length scale explicitly. Lattice strain measurements based on conventional laboratory X-ray sources or neutron diffraction measurements where the number of {hkl} and the scattering vectors interrogated are not as abundant as in this work can also be interpreted using the bi-scale optimization method with an appropriate operator that links the lattice strains to the local stress. (A more careful measurement strategy or extra constraints in the optimization may be necessary to obtain the orientation-dependent stresses.)
Examining the effects of local texture. One of the strengths of the bi-scale method is the ability to account for the texture variation within the workpiece with less ambiguity. To understand the effect of texture, a bi-scale optimization analysis was conducted using the lattice strain pole figure data while assuming that the texture was uniform throughout the sample; all diffraction volumes are assumed to have a uniform ODF. Figures 17 and 18 show the results.
The in-plane stress components show slight differences but the nonzero values in the out-of-plane (xz, zz, and yz) stress components are troubling. As shown in Figure 11 , the bi-scale formulation imposes a tractionfree condition on the surface of the disk; all out-ofplane stress components should be zero, as they are in Figure 13 . The nonzero values in Figure 17 reflect an inconsistency that arises when the texture is assumed to be uniform when in fact the workpiece has significant texture variation throughout. The von Mises effective stress field shown in Figure 18 also shows larger magnitudes and a different distribution than that shown in Figure 14 .
It is worth noting that the values of the von Mises effective stress field calculated from the residual stress field obtained without texture (Figure 18 ) is larger than that calculated from the residual stress field obtained with texture ( Figure 14 ). However, this does not necessarily mean that the residual stress without texture will always overestimate the effective stress and, therefore, be safe from a machine design perspective; using a uniform texture does not guarantee the upper bound or the worst-case residual stress state.
Stresses using the sin 2 C method
When the sin 2 C method is used to calculate the components of residual stress from the subset of lattice strain data, the signs of the stress components are consistent with the anticipated stress field. For example, the xx-component of stress at point A is expected to be compressive. In Figures 16(a) and 16(b) , the slopes are negative, which means that the xx-component of stress is negative (compressive). Similarly, the xxcomponent of stress at point B is expected to be tensile. In Figures 16(c) and 16(d) , the slopes are positive which means that the xx-component of stress is positive (tensile).
However, there are also some inconsistencies to note. The slopes and intercepts for the {1120} and Considering point B, if the lattice strains from the two reflections are manifestations of the stress state at point B, then this implies that the X-ray elastic constants for {1120} and {1122} are identical. Now, if the same Xray elastic constants are used with the slopes and the intercepts of {1120} and {1122} lines for the diffraction volume at point A, the components of stress obtained from the slopes and the intercepts of {1120} and the components of stress obtained from the slopes and the intercepts of {1122} will be different; the diffraction volume at point A has two states of stress, which is physically impossible. (This is not an isolated case; this analysis was performed on all diffraction volumes along a = 0 8 and a = 90 8 for which strain pole figure data were available; similar findings were obtained.) This highlights the questions that one asks when performing the sin 2 C analysis; which reflection should be used and what elastic constants are appropriate for the diffraction volume?
The values of the stress components can be computed based on the intercepts and the slopes of the line fits. Figure 19 shows the xx-and yy-components of stress obtained using the intercepts and the slopes of line fits such as those shown in Figure 16 . It also shows the xxand yy-components of the stress field obtained using the bi-scale optimization method. All diffraction volumes located along a = 0 8 and a = 90 8 are considered. A single set of X-ray elastic constants (E hkl = 120 GPa and n hkl = 0.32) are used to compute S xx and S yy at these diffraction volumes using the {1120} and {1122} reflections. Figure 19 shows that the signs of the xx-and yycomponents of stress follow the anticipated trends in an ideal shrink-fit sample.
Comparison of the stresses calculated from the biscale optimization method and the sin 2 C method Figure 19 shows the stresses calculated using the two methods. The stress components computed using the sin 2 C method and the corresponding stress components from the stress field calculated using the bi-scale optimization method provide a consistent, albeit not quantitatively identical, evaluation.
The stress components calculated using the bi-scale optimization method are smoother; this is natural, owing to its construct. The stress field also satisfies the macroscopic boundary conditions and equilibrium. But the volume of data collected and the computational needs are significantly larger than those needed with the sin 2 C method.
The stress components calculated using the sin 2 C method can be discontinuous; there is no continuity constraint between the adjacent diffraction volumes in the sin 2 C method. Each diffraction volume is independent of all others. However, the method does obtain the signs of the stress components correctly and the magnitudes are similar to those obtained using the bi-scale optimization method, with a few exceptions.
Both stress solutions indicate an asymmetry consistent with the experimental data; the xx-and the yycomponents of stress at a = 0 8 are not identical to the xx-and yy-components of stress at a = 90 8 . The stress asymmetry is quite large in the bi-scale optimization method results. For example, the yy-component of stress along a = 0 8 is approximately half of the xxcomponent of stress along a = 90 8 . The stresses from the sin 2 C analysis are not as asymmetric. The reduced stress asymmetry in the sin 2 C analysis could be caused by several reasons.
1. As described already, only a small subset of data from the {1120} and {1122} strain pole figures were selected. If a larger set of data points are chosen (using a threshold on f instead of f = 0 8 , for example), the line fits presented in Figure 16 may yield a different set of slopes and intercepts. 2. As illustrated in Figure 16 , lines were fitted to the data and their slopes and intercepts were used to compute the stress components. However, it was established that there is significant crystallographic texture variation in the disk. Thus, applying a simple linear fit to oscillatory data such as is shown in Figures 16 (c) and 16(d) might not be appropriate. 14 
3.
Local texture also has implications on the elastic constants that are used to convert the slopes and the intercepts to stresses. 13 Here, one set of E hkl and n hkl was used for all the points along a = 0 8 and a = 90 8 and for both {1120} and {1122}. Using appropriate correction factors for the elastic constants to reflect the local texture might yield a more significant stress asymmetry.
However, it is worth emphasizing that the trends obtained with the simplest sin 2 C method agree with those obtained with the more complex bi-scale optimization method. It is also worth pointing out that the number of measurements needed for the bi-scale optimization method is quite large. However, as for the plane stress assumption, which is often used to reduce the number of unknowns in the sin 2 C method, it is possible to reduce the number of unknowns in the bi-scale optimization method. In fact, this was the approach that McNelis et al. 16 took. Additionally, the number of diffraction volumes interrogated can be reduced with apriori information about the workpiece and its processing history. Furthermore, the number of scattering vectors at which the lattice strains are measured can be reduced by ensuring that the lattice strain distribution function is attainable with a smaller number of scattering vectors (Equation (3)).
Conclusions
In this work, the residual stress field in the disk of a shrink-fit sample was obtained using the bi-scale optimization method. The disk was manufactured from a Ti-811 alloy with significant orientation distribution gradient. To obtain residual stress information, two analysis methods-the sin 2 C method and the bi-scale optimization method-were taken and the resulting stresses were compared. The results show that the two methods yield similar stresses where they can be compared. Our results highlight that the sin 2 C method is useful in applications where selective stress components at selective locations in a workpiece are necessary. Conversely, the bi-scale optimization method yields the full stress field in the workpiece but requires an extensive measurement matrix that is often not available with laboratory X-rays or neutrons.
